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Abstract

Classical field theories in theoretical physics and computational models
in continuum mechanics frequently separate spatial movement within a
domain from the temporal deformation of the domain itself. However,
mathematical notation across these fields remains fragmented between the
index-dense tensor calculus of smooth fiber bundles π : E → B and the
categorical abstractions of polymorphic type containers ⟨S, P ⟩. This paper
introduces Container-State Algebra (CSA), a unified operational framework
that formalizes system evolution over dynamic metrics using a two-tier
operator pair: the value mutation operator New(·) and the container
deformation operator Ein(·). We establish the axiomatic foundation of
the container-state pair Z = ⟨X,Ω⟩, derive the exact non-commutative
strain commutator [Ein,New], and demonstrate how CSA bridges Category
Theory, General Relativity, and Analytic Number Theory under a single
computer-science-friendly functional syntax.

Differential Geometry, Operator Algebra, Fiber Bundles, Type Theory, Ricci
Flow, Prime Distribution.

1 Introduction

Mathematical frameworks for dynamic physical systems traditionally optimize
for chalk-era notation brevity over computational readability. In differential
geometry, the evolution of a field f over a dynamic manifold (M, g(t)) is expressed
via local coordinate charts, Christoffel symbols Γi

jk, and Lie derivatives Lvg.
Concurrently, theoretical computer science models structured data mutation
using container type theory, separating structural container shapes S from value
positions P .

Despite their shared underlying mechanics—distinguishing payload updates
from index-space re-allocations—these disciplines remain notationally isolated:
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1. Differential Geometry treats domain shifts continuously via differential
forms and dynamic metric tensors gij(t), but lacks a clean functional syntax
to abstract away local coordinate indices.

2. Type Theory formalizes data containers algebraically (F(A) =
∑︁

s∈S AP (s)),
but restricts its scope to discrete data structures without extending to
continuous Riemannian metrics, Laplacian diffusions, or field partial differ-
ential equations (PDEs).

To bridge this divide, we present Container-State Algebra (CSA). CSA
synthesizes fiber bundle geometry and polynomial functor containers into an
algebraic operational calculus governed by two primitives: state value transfor-
mations (New) and container domain deformations (Ein).

2 Axiomatic Foundations

2.1 The Container-State Pair

Let M be the category of dynamic geometric manifolds (or container shapes),
and let FΩ be the function space of data fields defined over a specific domain
Ω ∈ M.

Definition 1 (System Pair). A Container-State System Z(t) is defined as an
ordered pair:

Z(t) = ⟨X(t),Ω(t)⟩ ∈ FΩ(t) ×M (1)

where:

• X(t) is the Internal State (the data payload, scalar/vector field, or stored
point values).

• Ω(t) is the Container Geometry (the base domain, metric tensor gij(t),
or indexing structure).

2.2 Operational Syntax: New(·) and Ein(·)
Evolution over Z(t) is generated by two primitive functional operators.

Definition 2 (The Newtonian Value Operator Newf ). The operator Newf

applies a spatial differential or state transformation f exclusively to the payload
X, holding the container geometry Ω invariant:

Newf ⟨X,Ω⟩ = ⟨f(X),Ω⟩ , with
∂Ω

∂t
= 0 (2)

Definition 3 (The Einsteinian Container Operator EinH). The operator EinH
deforms the container geometry Ω according to a deformation rate tensor or
re-indexing map H = ∂Ω

∂t , co-moving the coordinate system:

EinH ⟨X,Ω⟩ = ⟨Xco-moved,H(Ω)⟩ , with Hij =
∂gij
∂t

(3)
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Container-State Concept Type Theory / Category Theory Differential Geometry / Fiber Bundles
System Pair Z = ⟨X,Ω⟩ Polynomial Container ⟨S, P (s)⟩ Fiber Bundle Total Space π : E → B

Container Ω Shape Set s ∈ S Base Manifold B with metric gij
State X Position Array p ∈ P (s) ↦→ A Fiber Cross-Section Γ(E)

Operator Newf Polymorphic Functor map(f) Vertical Vector Field V ∈ V T
Operator EinH Memory Re-allocation reindex(H) Horizontal Lift / Metric Flow H ∈ HT

Commutator [Ein,New] Index-Mutation Cache Offset Lie Derivative / Curvature Drift

Figure 1: Cross-disciplinary structural alignment mapping Container-State
Algebra (CSA) constructs into computer science type theory and smooth manifold
geometry.

2.3 The Container-State Commutator Identity

The core algebraic interaction between state mutation and container flow is gov-
erned by the operator commutator [EinH,Newf ] = EinH ◦Newf −Newf ◦EinH.

Theorem 1 (Domain Strain Commutator). Let New∆ = ∆g = gij∇i∇j be the
Laplace-Beltrami operator on (M, g(t)), and let Eint =

∂
∂t be the metric evolution

flow Hij =
∂gij
∂t . Then the commutator acting on a scalar field f ∈ FΩ is:

[Eint,New∆]f = −Hij∇i∇jf −Wk∇kf (4)

where Wk = ∇iH
ik − 1

2∇
k(TrH) represents the spatial advection vector field

induced by density gradients of the container volume.

Proof. Expanding ∂
∂t (g

ij∇i∇jf) using
∂gij

∂t = −Hij yields:

∂

∂t
(∆gf) = −Hij∇i∇jf + gij

∂

∂t
(∇i∇jf) (5)

Applying the metric-time derivative formula for Christoffel symbols Γ̇k
ij =

1
2g

km(∇iHjm +∇jHim −∇mHij) gives:

gij
∂

∂t
(∇i∇jf) = ∇i∇j

(︃
∂f

∂t

)︃
− gijΓ̇k

ij∇kf (6)

Defining Wk = gijΓ̇k
ij = ∇iH

ik − 1
2∇

k(TrH) and rearranging terms completes
the proof.

3 Unification Mapping

3.1 Mapping to Polynomial Type Containers

In computer science, a container functor T (A) =
∑︁

s∈S AP (s) separates shape S
from position payload P (s) → A. Under CSA:
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• Ω ≡ s ∈ S (The structural container allocation).

• X ≡ p ∈ P (s) ↦→ A (The in-memory data array mapping).

• Newf ≡ map(f, container) (Applies function f to data elements without
altering memory layout).

• EinH ≡ reallocate(container,H) (Resizes, re-indexes, or shifts memory
pointers).

3.2 Mapping to Fiber Bundles

In differential geometry, a fiber bundle π : E → B over base manifold B with
fiber F represents data vectors sitting over geometric coordinates:

• Ω ≡ B equipped with Riemannian metric gij (The base container mani-
fold).

• X ≡ Γ(E) (Cross-sections representing states within fibers Fx).

• Newf ≡ V ∈ V T (Vertical vector fields acting along fibers).

• EinH ≡ H ∈ HT (Horizontal vector fields generating parallel transport
and base metric flow).

4 Cross-Disciplinary Applications

4.1 General Relativity and Cosmology

In Friedmann–Lemâıtre–Robertson–Walker (FLRW) expanding spacetime met-
rics ds2 = −dt2 + a(t)2dx2, spatial metric strain is isotropic: Hij = 2H(t)gij
where H(t) = ȧ(t)

a(t) .

Under CSA, the Laplacian-Strain Commutator collapses to:

[Eint,New∆]f = −2H(t)∆gf (7)

This isolates cosmological redshift and metric expansion from local particle drift
without requiring explicit component-wise tensor contractions.

4.2 Analytic Number Theory and Robin’s Criterion

In prime number distribution, the prime-counting step function π(x) operates
over an expanding logarithmic prime metric gP(x) = (lnx)−2.

Under CSA, Robin’s Inequality (σ(n) < eγn ln(lnn) for n > 5040, equivalent
to the Riemann Hypothesis) translates into an upper boundary constraint on
the container-state ratio:

Rmetric(n) =
Einσ(n)

NewRobin(n)
< 1 (∀n > 5040) (8)
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where Einσ(n) =
∑︁

d|n dmeasures discrete factor spatial volume and NewRobin(n) =

eγn ln(lnn) defines the static background domain envelope. The Riemann Hy-
pothesis holds if and only if container strain turbulence Emetric(x) = |π(x)−Li(x)|
remains bounded within O(

√
x lnx), preventing Einσ(n) from breaking through

the smooth NewRobin(n) boundary.

5 Related Work

• Polynomial Containers: Abbott et al. [1] established container type
theory for discrete data structures in functional programming, but did not
extend containers to smooth differential operators or metric tensors.

• Geometric Flows: Hamilton [2] and Perelman [3] formalized metric
evolution via Ricci flow ∂tgij = −2Rij . CSA wraps these geometric
transformations in a functional operator notation suitable for computational
software design.

• Arbitrary Lagrangian-Eulerian (ALE) Methods: Donea et al. [4]
developed numerical ALE implementations separating mesh movement
from fluid dynamics. CSA provides the abstract algebraic framework
unifying ALE algorithms with pure mathematics.

6 Conclusion and Outlook

Container-State Algebra unifies dynamic Riemannian geometry and category-
theoretic type theory into a readable, functional operator language. By isolating
value mutations (New) from container domain flows (Ein), CSA eliminates
single-character index clutter, derives clean non-commutative strain identities
[Ein,New], and opens a pathway toward automated symbolic computation
engines for dynamic physical systems.
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